Introduction
Because the linear system frequency domain analysis and design have a wide range of scientific and engineering applications, the analysis and design of nonlinear systems in the frequency domain have also received considerable interests (Dobrowiecki and Schoukens 2007) . Compared with the time domain methods such as, e.g., the traditional harmonic balance and multi-scale methods, the frequency domain approaches have shown the capability to deal with a wide class of nonlinear systems, rather than the systems with specific model descriptions (Novara et al, 2013) .
Based on the Volterra series theory of nonlinear systems, the concept of Generalized Frequency Response Functions (GFRFs) was proposed in 1959 (George; 1959) , which are a series of multi-dimensional functions. The multi-dimensional nature makes the GFRFs difficult to be applied in practice. To address this challenge, some onedimensional frequency domain representations of nonlinear systems have been proposed. These include, for example, Nonlinear Output Frequency Response Functions (NOFRFs) (Lang et al, 2005) , Output Frequency Response Function (OFRF) (Lang et al, 2007) , Higher Order Sinusoidal Input Describing Functions (HOSIDF) (Nuij et al, 2006) , and the nonlinear Bode plots (Pavlov et al, 2007) . The NOFRFs represent the relationship between the input and output spectra of nonlinear systems in a way similar to the Frequency Response Function (FRF) based representa-tion of linear systems and have found applications in the areas of structural health monitoring and fault diagnosis (Zhao et al, 2015) . The OFRF reveals an analytical relationship between the output spectrum of nonlinear systems and the parameters which define system nonlinearities, and provide an effective approach to the design of the system nonlinear properties in the frequency domain (Ho et al, 2014) . The HOSIDF can be considered to be a special case of the OFRF of a static polynomial nonlinear system (Rijlaarsdam et al, 2011) . Considering the wide application of the FRF in linear system analysis, Pavlov et al (2007) proposed the concept of nonlinear Bode plots for the analysis and design of nonlinear convergent systems. However, in most cases, the nonlinear Bode plots cannot be analytically studied (Rijlaarsdam et al, 2017) and are, consequently, difficult to be used to understand the properties of underlying systems.
It is well known that the output frequency responses of nonlinear systems are affected by both the linear and nonlinear characteristic parameters of the system. The OFRF shows an analytical relationship between the output spectra of nonlinear systems and the system's nonlinear characteristic parameters, but this relationship is only valid under the condition that the system linear characteristic parameters are fixed. Very recently, the issue associated with the effect of linear characteristic parameters on the nonlinear system output frequency responses have been studied (Xiao and Jing, 2016) . However, the result is, so far, only a conceptual polynomial approximation for the 20 February 2018 system output spectrum, and there are still no results that can systematically relate the output frequency response of nonlinear systems to both system linear and nonlinear characteristic parameters so as to facilitate the system analysis and design.
In the present study, motivated by the need of the analysis and design of the effects of any parameters of a nonlinear system on the output frequency response, a new concept known as Associated Output Frequency Response Function (AOFRF) is introduced for the NARX model of nonlinear systems. Based on the novel AOFRF concept, it is rigorously shown that the output frequency response of nonlinear systems can be represented by a polynomial function of both the system linear and non-linear characteristic parameters. Effective algorithms are derived to determine the structure and coefficients of the AOFRF based representation of the output frequency response of nonlinear systems. Finally, a case study is used to show the application and verify the effectiveness of the algorithms in the analysis of output frequency responses of nonlinear systems to both deterministic and random inputs. The results demonstrate the significance of the new AOFRF concept and associated techniques in the revelation of the effects of both linear and nonlinear characteristic parameters on the output frequency responses of a wide class of nonlinear systems.
The output frequency responses of nonlinear systems
Consider the nonlinear systems described by a polynomial NARX model (Peyton-Jones and Billings, 1989) (Billings, 2013) .
Under the condition that system (1) is stable at zero equilibrium, the output of system (1) can be described by the discrete time Volterra series         
where   1 ,, n n h  is the n th order Volterra kernel, and N is the maximum nonlinear order of the Volterra series. Moreover, the output spectrum of the system can be represented as (Lang and Billings, 1996) is the n th order GFRF of the system.
According to the concept of the OFRF proposed by Lang et al (2007) , the output spectrum of a wide class of nonlinear systems can rigously be represented by a polynomial function of the system nonlinear characteristic parameters.
Recently, Xiao and Jing (2016) have conceptually indicated that the output spectrum can also be represented by a polynomial function of the system linear characteristic parameters. These results imply that the output spectrum of nonlinear systems could be represented by a polynomial function of both the system linear and nonlinear characteristic parameters. However, there are neither results about the conditions under which this representation is valid nor algorithms that can be used to determine the detailed structure of this polynomial.
The present study is motivated by the successful application of the OFRF and associated techniques , 2013 , Ho et al, 2014 and the need to study the effects of both the linear and nonlinear characteristic parameters on the output responses of nonlinear systems. The work will be based on a new concept known as the Associated Output Frequency Response Function (AOFRF).
The concept of the Associated Output Frequency Response Function (AOFRF)
The concept of the AOFRF of the NARX model of nonlinear systems is introduced in Proposition 1 to facilitate the representation of the system output frequency response in terms of both the NARX model linear and nonlinear characteristic parameters. Proposition 1. The output spectrum of the nonlinear system (1)/(2) can be described as
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is referred to as the r th order AOFRF with 0, , r n 
; " " represents the Hadamard product, Billings (1989) and 
Proposition 1 can then be obtained by substituting (7) into (3).
in Proposition 1 can be obtained by using a recursive algorithm as demonstrated in Appendix A. Remark 2. Given the system linear characteristic parameters and input spectrum, (5) and (6) become the OFRF of system (1)/(2), a polynomial function of the system nonlinear characteristic parameters.
Remark 3. Generally, the AOFRF based representation (5) and (6) explicitly decouples the effects of the system linear and nonlinear characteristic parameters on the output spectrum. This will facilitate the study of the relationship between the system output spectrum and both the linear and nonlinear characteristic parameters. (5) and (6) of the system output spectrum can be described as a polynomial function of both the system linear and nonlinear characteristic parameters.
The AOFRF based representation of the
Proposition 2. If there exist a set of constants z  C
(5) and (6) . nr L as L rn and   1 L nn  , respectively. This explains the importance of the introduction of the AOFRF concept which can, as simply illustrated above and described in more details in Section 4.2 below, significantly facilitate the determination of the structure of a polynomial representation for the system output spectrum in terms of both the linear and nonlinear characteristic parameters.
Determination of the AOFRF based representation
The determination of the AOFRF based polynomial representation (10) of the system output spectrum is concerned with determining both the structure and the coefficients of the polynomial. In order to determine the structure, the components in r , which are the monomials in the polynomial representation of the r th order AOFRF, can be determined by using Proposition 3.
Proposition 3. The monomials in the polynomial representation of the r th order AOFRF can be determined as
In (12) 
Proof of Proposition 3. Omitted due to space limitation. Remark 5. Proposition 3 provides an algorithm that can be implemented using computer codes to automatically produce all the monomials in the polynomial form representation of the system output spectrum (10). When , 0, , r r N  have been obtained, the coefficients   1 ,, j S jj  in the AOFRF based representation (10) of the output spectrum can be evaluated using a Weighted Least Squares (WLS) method from the simulated responses of system (1) to a given input in the case where the system linear and nonlinear characteristic parameters of concern vary over a selected range of values of interest (Zhu and Lang, 2017) . . Approximating the first and the second derivatives in (17) 
A case study
Take 5 N  , then the AOFRF based representation for the output spectrum of the system can be determined by the following steps.
Step 1: Determine a polynomial representation of
in  in terms of the system linear characteristic parameter of concern, which is   
Moreover,   1 . i L  for 1, , in  can also be approximately expanded into a polynomial function of L c of the same form as (23).
Step 2: Determine the structure of the AOFRF based representation of the system output frequency response. According to Proposition 3, the monomial vector associated with the AOFRF based representation can be written as
: 1:1 1:1 1 3:3 3:3 5:5 5:5 Consequently, substituting (25) into (24) yields the structure of the AOFRF based representation of the output spectrum of system (17) Step 3: Determination of the coefficients in the poly-
Equation (26) (27). The objective is to circumvent possible numerical issues with evaluation of these coefficients (Zhu and Lang, 2017) . Now consider the situation where the system input is 
The result is a specific case of (27), which is a polynomial function of the system parameters L c and NL c containing 33 terms which are omitted here due to space limitation. A comparison of the system output spectrum evaluated using (27) thus determined and the result determined from the simulated system output response is shown in Fig.1 .
5.1 5.5 5.9 6.3 6.7 Fig.1 . A comparison of the simulated system output spectrum with the result evaluated using the AOFRF based representation.
Circle: Simulated results; Surface: Results evaluated using the AOFRF based representation; Cross: Data of the output spectra used to determine the AOFRF based representation.
It is worth noting that, if the system linear characteristic parameters are fixed, then the AOFRF based representation (27) will become the OFRF of the system, which is a 2nd order polynomial function of the system nonlinear charac-teristic parameter NL c . If the system nonlinear characteristic parameters are fixed, the AOFRF based representation (27) becomes a 18th order polynomial function of the system linear characteristic parameter L c . These results are also illustrated in Fig.1 . Fig.1 clearly indicates that the AOFRF based representtation for the system output spectrum is valid over a wide range of values of the system linear and nonlinear characteristic parameters, including the values which are outside the parameter ranges (28), over which the polynomial representation was determined. This is because the AOFRF based representation is capable to capture inherent system dynamics rather than simply fit the data. Now consider another case where a random band limited signal over the frequency range of (17). The AOFRF based representation for the system output spectrum was determined over the same range of the values of the system parameters L c and NL c as in (28). Fig.2 shows a comparison of simulated output spectra of system (17) to this random input with the results evaluated using the AOFRF based representation under three different sets of values of L c and NL c , indicating that the AOFRF based representation can also accurately des-cribe the system output spectra to a random input. It is worth noting that many terms in the AOFRF based representation of nonlinear system output spectra as determined in the case study above are often redundant. An optimal selection of the terms (monomials) in the polynomial representation is being investigated and will be discussed in a future publication.
Conclusions
The OFRF based representation for output frequency responses of nonlinear systems (Lang et al, 2007) has demonstrated significant advantages in both the system analysis and design. However, the OFRF only shows a polynomial relationship between the system's output spectrum and nonlinear characteristic parameters; it can't explicitly reveal the effect of system linear characteristic parameters on output spectra. In order to address this issue, a new concept known as the AOFRF of nonlinear systems, has been proposed. The AOFRF enables an explicit separation of the system linear and nonlinear characteristic parameters in the 20 February 2018 representation of the system output spectrum and, consequently, facilitates the derivation of a polynomial representation in terms of both the system linear and nonlinear characteristic parameters. A case study has demonstrated how to determine the AOFRF based representation for the output response of a nonlinear system to a harmonic and a random input, respectively. The results show that the new AOFRF based representation has potential to be used for the analysis and design of nonlinear systems in a wide range of applications.
Appendix A. The recursive algorithm
Let "  " represent the concatenation between two vectors, then , , 
